Example 2. SINGULAR CONTROL
Introduction. Standard method and problem of sufficiency.

Problem statement 
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Task: Finding of necessary conditions of optimality.

Task: Solving of necessary conditions of optimality.
Question: Where is an error?

Definition. Degeneration of the maximum principle and singular control.

Question: How large is the class of singular controls?

Question: What is an optimal control?
Conclusion: All singular control is optimal.

Question: Can a singular control be nonoptimal?

Problem statement. Maximization problem for the given functional.

Task: Finding of necessary conditions of optimality.

Task: Solving of necessary conditions of optimality.

Conclusion: The maximization and the minimization problems have same singular controls.
Question: Applicability of the known theorem about sufficiency of optimality conditions.

Task: Finding of the remainder term.

Theorem: Conditions of the singularity: 
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Question: How many singular controls can we have?
Task: Example 0. 
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 Task: Example 2’. Find a singular control
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  Minimization and maximization
Question: Is it applicable the known theorem about sufficiency of optimality conditions?

Task: Finding of the remainder term for Example 2’.

Question: Is it exist necessary conditions of optimality for singular controls?
Theorem: Kelly condition.
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Task: Kelly condition for Example 2’

Task: Kelly condition for Example 2
Question: Finding of singular control. Tihonov regularization. 
Example 3. Nonexistence of optimal controls
Problem statement 
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Task: Finding of necessary conditions of optimality.
Task: Analysis of maximum principle.

Question: What is the explanation?
Conclusion: Absence of optimal control.
Direct proof of the unsolvability of the optimization problem.

Weierstrass theorem: A continuous function on the closed bounded set has a minimum. 
Example: F(x)=x3, the set is not bounded; F(x)=x on the set of positive numbers, the set is not closed. The admissible control set is bounded and closed in our example. 
Theorem of existence.
 Solvability for Example 0.
Question: Why the existence theorem is not applicable for Example 3?

Task: Find the remainder term.

Conclusion:  Sufficiency.

Practical example. 

Remark: Boundary problem for second order ODE without solution.

Remark: Heat equation without equilibrium state.
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